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A finite dimensional field extension L/K is said to be normal if for any
field extension P/L and for any K-monomorphism, f: L—P, f(L)=L ([2];
p. 42). Then the following theorem is well known.

Theorem ([2]; p. 52). Let 3/K be a finite dimensional Galois extension
and I'/K be a finite dimensional purely inseparable extension. Then Y®)xI’
is a field and a normal extension of K.

The purpose of this short note is to prove the following theorem which
has some relationship to the above theorem.

Theorem. Let R be a commutative ring, .S be a commutative G-Galois
extension of R ([1]; p. 84) and T be a commutative R-algebra such that
TRrT=T (t,Qts—tits). Then SKzT is a normal R-algebra.

Throught this note, we assume that every ring is commutative with
identity 1, every module is unitary, every ring extension has the common
1 and for every ring homomorphism, the image of 1 is 1.

Lemma ([6]; p. 47). Let T be an R-algebra such that TXRT=T
(t:Qte—tits). Then for any T-modules N and M, Homy(N, M)=Homp (N,
M).

Proof. It is obvious that Homy (N, M)CHompg (N, M). Since ;TXrN
ZrTRr (TRrN)Z 1 (TQRrT)ReN=1rTXrN=rN, we have

Homz (N, M) f
= Homy (T®zN, M) —(t@n—f (tn) = 1f (m))
=~ Homp, (N, Hom (T, M )) —>(n—>(t———>tf (n)))
= Homg (N, M) —(n—of () =f

Hence Hom (N, M)=Hompg (N, M).
Definition ([4]; p. 31). Let X(R) be the Boolean spectrum of R and
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z=X(R). Let I(x) be the ideal generated by the set of all idempotents
in any prime ideal belonging to z, R,=R/I(x) and M,=MgR, for any
R-module M.

Definition ([3]; p. 92). An R-algebra W is said to be normal if for
every z& X (R) and every connected R,-algebra 2 (that is, 2 has no idem-
potents except 0 and 1), all R,-algebra homomorphisms from W, to 2 have
the same image.

Proof of the Theorem. Since (SQRrT)XrR:=S:Qr,Ter ToXr, 2=
(TRRT)QeR: = TQ®rR;=T, and S, is a G-Galois extension of R, it suffices
to show that S®zT is normal in the case where R is connected. Let 2
be a connected R-algebra and f and g be R-algebra homomorphisms from
S®R=rT to Q2. Then 2 can be regarded as a T-algebra by defining the
multiplication by ext=aef (1)) for =2 and t&7T. Since Hompz (SQrT, 2)
=Hom, (SQR:T, 2) by lemma, Algg(SQ=rT, 2)=Algr(SX=T,2) and f and
g are T-algebra homomorphisms. By Cor. 1.6 of [1] (p. 88), there exists
¢=G such that f=¢(e®1) and f(SRT)=¢ (6®1) (SRrT)=9 (SR=T).

Remark. An R-algebra T is said to be purely inseparable if the kernel
of the map T®rT—T (t,Qts—tt;) is contained in the Jacobson radical of
TQ=T ([7]; p. 343). Hence T in the Theorem is purely inseparable.

In [7], some cases where a subalgebra of the purely inseparable algebra
becomes also purely inseparable were studied (Cor. 7; p. 347, Prop. 14; p.
353). Here we give a simple proposition for this problem.

Proposition. Let .S be a purely inseparable R-algebra which is flat and
finitely generated as an R-module. Let 7" be an R-subalgebra of S which
is flat as an R-module. Then T is purely inseparable.

Proof. In this case, T(XrT is a subring of SRS such that SX)rS is
a finitely generated T(®zT-module and J (SR »S) N (TQR=rT)=J (TQ=-T) ([5] ;
pp. 90-92), where J(S®zS) is the Jacobson radical of SXrS. Hence
ker ' =ker zN(TXRrT)CJ (SRS) N(TXReT)=J (TQ=rT), where =z’ is the
map TXRrT—-T (t,Qt;—tits) and =z is the map SQpS—S (5:X)s5—515).
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