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A Note on Generators and Ring Extensions
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Let A be a ring, A’ be a subring of A and ,M be a faithful left A-module.
We put End (;M)=B and End(,M)=B'. Then B is a subring of B'. In this note,
we always assume that A=End (Mp), and for the above case we denote by 4 . Mz /s

The purpose of this note is to investigate some properties about ring extension
A/A’ and B'/B and the module M. In this note, every ring has an identity 1,
every ring extension has the common 1 and every module over a ring is unitary.

§ 1. Definitions

(1) 4M| 4N means that 4M is isomorphic to a direct summand of a finite direct
sum of copies of 4N and 4M~ 4N means that ;M| /N and 4N| M. M|, A means
that 4M is finitely generated and projective and ,A|,M means that ,M is a ge-
nerator. It is well known that if 4,M is a generator and End (,M)=2B, then
Mpz|By and A=End(Mj3). ,M is said to be a progenerator if ,M~ A, and in
this case 4,Mj is said to be a Morita moduie.

(2) A ring extension A/A’ is said to be a separable extension if the (A4, A)-
map 74: sAQRu As— 4A4(@x@Qy—zy) splits. It is known that A/A’ is a separable
extension if and only if ,A,/,AR+As A ring extension A/A’ is said to be an
H-separable extension if ,AX . As A4 An H-separable extension is a separable
extension ([2], Th. 2.2).

(3) A ring extension A/A’ is said to be a Frobenius extension (resp. left QF-
extension) if 4 Al4 A" and 4A, = Hom, (4 A, +A')a (resp. 4JAx | Homy (4 A, + A) 4.
A right QF-extension is similarly defined ([3], [5]).

§ 2.

Proposition 1. In 4, Mp,s we put fM,= gHom (,M, 4A), and PM, =
gHomy (4 M, 4 A')4. Then the followings are satisfied.

(1) If 4M|pA then AR Mp = Homp(B 5, Mp)p (aRQm— (b —a (mb'))).
(2) If MBIBB then AM@};B'B'EAHOIHA' (A'A, A'M)B' (m@b’——>(a—>(am)b’)).
(3) If B’BIBB and A’MIA'A’ then B'B'®B*MA; B@M®A'AA-
Proof. (1) Since ,M|,A’, by [1] (p. 120),
AA®A’ME’ = 4Homp(Mp, MB)@A’MB’
= sHompg(Homy (4 M, 4 M)s, Mp)p
= AHOIIIB(B,B, MB)B'-
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(2) This is similar to (1).
(3) By (1) and [1] (p. 120),

B QM= »B'®sHom (4 M, 4A)4
»Hom,(,Homg(B's, Ms)p, 44)4
pHom,(LAR» Mp, 4A)4
pHomy (4 M, ~Hom (4A, 4A))4
pHomy (o M, 4 A)4
pHomy (4 M, + A" )Qu Ay

= BPMR A

Remark. Let zM*,=zHompg (Mg, Bg)s Then JM,= sHomy (UM, 4A)4=
sHom (M, sHompz(Mp, Mpg)a= sHom (M3, Hom,(uM, 4M)plsa= sHomp(Mp, Bg)a
= ,M*,. And similarly if we put y M*, =pgHomp (Mg, B'p)s, then when A'=
End(Mp), we have ,#My=pM*, (cf. [4], Lemma 3.1).

In

1
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Proposition 2. In 44 Mpg/s, let JM be a generator. Then the followings are

equivalent.
(1) AJ/A is a separable extension.
(2) The map 7y : 4ARQ s Mp— Mg (aQ@m—am) splits.
(3) The map 7y : JMR 4 As— i Ms(g&a—ga) splits.
(4)  aMpl AR« M.
(5) FMu MR 4 As

Proof. ((1)=>2)): There exists a map k4: 1A~ AQ s A4 such that 4 ok,=
id, (the identity map of A). In the following diagram,

s

AA®A’ My — aMp

g1 71'A®1'L a
AR s AQ M 4 AR 4Mp
E®1

we have my=a"to(r,R1)of where a(m)=1Xm and f{aQa@m)=aaym. Hence
if we put ky=po(kiX1)oa, we have zmyoky=1idy.

(2)=>1)): There exists a map ky: +Mp—sAX s Mz such that myoky =idn.
In the following diagram,

T Hom (1, kM)
4A— sHomgz(Msp, MB)A:AHomB(MB’ AR Mp)a
S Hom (1, ) 14

AA®A’AA <« AA®A'H0mB (M3, Mp)4
0
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[¢ (a®g)] (m)=aXg(m) and 7y and & are canonical maps. Since Mj|Bg, ¢ is an
isomorphism and since z4=y ‘e Hom (1, 7s)odod%, if we put ky=do¢ locHom (1, ky)o7,
then m ok, ,=1id,.

(1)<=>(3)): Since *M, is a generator, B=End(*M,), ,A.= Homz(; M,
M) 4(a—(f—fa)) and fM=zM*|5B, this is proved in the same manner as (1)=>
(2)) and ((2)=)(1)).

((2)=>(4)) and ((3)=>(5)): This is clear.

((4)=>(1)) and ((5)=>(1)) : In the same manner as ((2)=)1)), 4+A,=Homp (Ms,
M) sl stHomp(Mp, AR 4 Mp)a = 4AR +Hompg (Mp, Mp)s= 4AR 4+ A4 and ((5)=)1)) is
clear.

Remark. (a) If M|, A’, then by (1) of Propositon 1, ,AXR . Mp=,Homp
(B'5, Mp)g(a@Qm—(b'—a(mb'))). Hence in this case, in Proposition 2, (2) is equivalent
to (2'): The map ty: sHomp(B 5 Mz)z—  Mz(f—f (1) splits. (b) In Proposition

2, if 4M is a progenerator, the map 7: M)+ As—sHom (M, J AR+ A) s (fRa—
(m—f (m)Qa)) is an isomorphism. So we can define the map z.oy™': gHom, (4, M,
AR w A)a— s My(h—r0h). Hence A/A’ is separable if and only if 7,057 splits.

Proposition 3 (cf. [6], Th. 1, (3)). In 44 Mp 5, let 4M be a progenerator. Then
A/A’ is a separable extension if and only if zBg|FMX) Mp.

Proof. Let A/A’ be separable. Since ,M|, A, we have
sBp= BHomA(A s AM)B
'BHomA(A ) AA®A’M)B
= BHOmA(A s AA)®A'MB
=y M@A'MB.
Conversely, let zBp|/M& +Mp Then by above, zBg|zHom, (M, AR+ M)s.
Hence we have
8= MK pBg
’AM®BH0mA(A s AA®A’M)B
= Hom,(,Hom (M3, M), AR+ M)p
= AHomA(AA’ AA®A’M B
= 4AR 4+ Mp.
That is, by Proposition 2, A/A’ is separable.

Proposition 4. In 44 Mg,5, let 4M be a generator. Then the followings are
equivalent.

(1) A/A" is an H-separable extension.
(2)  4AQ . Mp|aMp.

(3) 1ARQs My~ Msp.

(
(

3

4) FMQuAd s M
5) JM®A'AA~;MA-
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Proof. (1)=>2): 1AR+sMp=,AR s AR sMp|1ARMp= 4Mp.
((2)=>1)): Since Maz|Bg, we have
AA®A’AA = AA®A'H0mB(MB, MB)A
= ,Homp(Mp, AR+ Mp)4
| sHomg(Mp, Mp),
= 444

((2)=>(3)): Since an H-separable extension is a separable extension, this is clear
by Proposition 2.

Remark. By changing its positions, the above remark and Proposition 3 are
valid in H-separable cases.

Corollary 5. (cf. {4], Th. 4.4 and [6], Th. 4] In 44+ Mgzp, let 4M and Mz
be generators and A'=End(Mj). Then ,A,|sA 4 (that is, A is a centrally
projective A’'-module) if and only if B'/B is an H-separable extension.

Proof. By Proposition 4, B'/B is an H-separable extension if and only if
2 MRpBp|aMp. Let 4As|4A 4. Since Mp|Bg, by (2) of Proposition 1, we
have
a2 MR pB'p = ¢Homy (¢ A, +M)p
|oHomy (4 A, 4 M)s
=+ Mpg.
Hence B'/B is H-separable. Conversely if ,MX3zB' »|+ My, then we have

4 Ay = yHomp(Mp, MB)A'
= yHomp(Mp, Homp (B's, My)g)a
= A'HomB' (M®BB'B', MB')A'
fA'HomB’(MB‘, Mp) s
= A 4.
Proposition 6. In 4, Mg/, let 4M and 4 M be generators and +A|4A’. Then
(1) A/A’ is a Frobenius extension if and only if ,MX)pB p =, AR+ Mp.
(2) A/A" is a left QF-extension if and only if AR+ Mp | MR B .
(3) A/A’ is a right QF-extension if and only if ;MXsB 5| AR+ Mp and
AA’IA'A’.
Proof. (1) Let A/A’ be a Frobenius extension. Then by (2) of Proposition 1,
we have
AM®BB'B' = Hom, (A’A: A'M)B'
= Homy (4 4, + A )R 4 Mp
= AR Mp.

Conversely, if ;MX)pB p = ,AR 4+ My, then we have
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sHomy (4 A, 4 A')y = JHomy (4 A, yHompg (Mg, Mp)) s
= sHomp (Mg, Homy (4 A, 4 M)p) s
= Homp (Mp, MR sB'p) s
= Homp (My, AR s Mz) s
= 4 AQsHomp (Mp, My) 4
= AA®A’ Ay
=~ Ay,

(2) Let A/A’ be a left QF-extension. Then in the same manner as (1), we
have

AA®A'MB' | 4Hom 4 (A'A, A'A’)®A‘MB’
= AM®BBB’-

And the converse is similar to (1).

(3) By [5] (Satz 2, p. 347), A/A’ is a right QF-extension if and only if ¢ A|+ A4,
AylAy and JHomy (4 A, 4+ AY4l4As. Hence this is also similar to (1).
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