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A Note on Rational Extensions

Ryo SAITO
(May, 1991)

Let A be a ring with identity 1 and M, be a right unital A-module. In this
note, we always assume that A, is a submodule of M,, E(M,) denotes the injective
hull of My, T =End,(E(M,), B=End;(;E(M,), H=End,(E(A,) and Q=Endy
(nE(A4)). E(M,) and E(A,) become bimodules 7E(M,)p and ,E(A), respectively.
Q is called the complete ring of right quotients (the right maximal quotient ring)
of A ([2], p. 94; [5], p. 4.

For a left A-module ,U, a subset V of U and a right ideal D of A, we put
Ann ,V={acAlav=0 for all vV} and Ann ;D={ucsU|du=0 for all d=D}.

Let D be a right ideal of A. D is said to be dense if for any @, #0 and ez A,
there exists a= A such that ¢,a#0 and a,acD. The Gabriel topology consisting
of dense right ideals is denoted by & ([4], p. 149; [2], p. 96). D is said to be
M-dense if for any m; &M such that 7,0 and @<= A, there exists a=A such
that ma+#0 and @acD. Clearly, in our case, A is M-dense and every M-dense
right ideal is dense. The Gabriel topology consisting of M-dense right ideals is
denoted by .

We prove the following theorem.

Theorem (Therem 17). The following conditions are equivalent.
(1) M, is a rational extension of A,.
(2) B——»MJM:mHomA (D, My) (b—>[fF]) is a right A-isomorphism where f
Dew
is the map (M: b)—o M (x——(1) (bx)) and (M: b)={x= A|(1)(bx)S M}, and the
direct limit is taken over by the downwards directed family .
(3) M,,, is a rational extension of B,
In this case, Z=%y. B=Q, M, is a ring and the map of (2) is a ring iso-
morphism which fixes elements of A.

First, the following facts (1) and (2) are well known.

(1) ([4], p. 149; [2], p. 96) For a right ideal D of A, the following condi-
tions are equivalent.

(a) D is dense.

(b) Hom,(A/D, E(A,))=0.

(c) AnngD=AnnjA.

(d) For any g=Q, (D: q) is a dense right ideal where (D: q)={a= AlgasD}.

For any D, and D,€% and for any right A-homomorphisms f;: D,——A, and
fe: Dv—— Ay, we define an equivalence relation fi~f; when fi=f in DiND,. [f]
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denotes the equivalence class represented by f.
(2) ([2], p- 97) The map Q——lim Hom, (D, A,) (g—[f1]) is a ring isomor-
Deg
phism which fixes elements of A, where f is the map (A: ¢—A (z—¢x).

Lemma 1 (cf. [2], p. 94).

(1) The map ¢: ;T——rE(M,) (t—t (1)) is a left T-epimorphism.

(2) The map ¢: B,——E(M,) (b—(1) b) is a right A-monomorphism, and
Im ¢ (the image of ¢)=Anngu, (AnnzA).

The following Lemma is similar to the above (1) (cf. [3], pp. 228-229).

Lemma 2. For a right ideal D of A, the following conditions are equivalent.

(a) D is M-dense.

(b) Homy (A/D, E(M,))=0.

(¢) AnnyzD=AnnzA.

(d) For any b= B, (D: b) is an M-dense right ideal where (D: b)={a€A|
bac Dj}.

By Lemma 2, for any b€ B, (M: b)={acA|(1)(ba)c M} is M-dense since
(A: b) is M-dense and (A: b)C(M: b).

Lemma 3 (cf. [2], p. 97). Let D be an M-dense right ideal. Then for any b& B,
if 6D=0 then b=0.

Proof. Let b6D=0. By Lemma 1, there exists £& 7T such that (1)6=¢(1). Hence
for any deD, 0=(1) (bd)=((1) b) d=(¢t(1)) d=t(d). So t(D)=0 and by Lemma 2,
t(A)=0. Hence 0=¢(1)=(1) b and by Lemma 1, we have 6=0.

To prove the next Lemma 4, we use Lemma 3.

Lemma 4 (cf. [2], p. 97). Let D be an M-dense right ideal. Then we have
a left A-isomorphism

JdbeB|bDC A)—> Hom, (D, A (b——(d—bd)).

Lemma 5 (cf. [4], p. 195). Let D, and D, be M-dense right ideals of A and
let f be in Hom, (D, A,). Then f~ (D) ={d=D| f(d)cD,) is an M-dense right
ideal of A.

To prove the next Proposition 6, we use Lemma 2, Lemma 4 and Lemma 5.
The proof is similar to [2] (p. 97).

Proposition 6 ([4], p. 206). The map B——lim Hom, (D, A, (b——[f]) is a
Dez .
ring isomorphism which fixes elements of A, where f is the map (A: b)——A

(x——bz) and B can be regarded as a subring of Q.

Let N4 be a submodule of M,. M, is said to be a rational extension of N,
if for any m;#0 and m,< M, there exists a=A such that ma+0 and ma&EN
([1], p. 58). For any right ideal D of A, the following statements are trivial.

(1) A, is a rational extension of D, if and only if D is dense.

(2) If M, is a rational extension of D, then D is M-dense.
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Proposition 7. Let N4 be a submodule of M, Then the following conditions
are equivalent.

(1) M, is a rational extension of N,.

(2) Homy (M/N.E(M,))=0.

(3) AnnyN=Ann,M.

Lemma 8 (cf. [5], p. '2). Let L, and N, be submodules of M, such that
L,CN, Then M, is a rational extension of L, if and only M, is a rational
extension of N, and N, is a rational xetension of L,.

Lemma 9. For a right ideal D of A, the following conditions are equivalent.
(1) M, is a rational extension of D,.

(2) M, is a rational extension of A, and D is M-dense.

(3) M, is a rational extension of A, and D is dense.

By Lemma 9, when M, is a rational extension of A, D is dense if and only
if D is M-dense. But under the weaker condition that M, is an essential exten-
sion of A, D is dense if and on'y if D is M-dense, since E(M)=E(Ay).

Proposition 10. Let D be a right ideal of A and M, be a rational extension
of A,, Then A, is a rational extension of D, if and only if A, is a rational
extension of (D: b), for any b B.

Proof. This follows immediately from Lemma 2 and Lemma 9.
Proposition 11. We have Hom, (B/A, E(M,))=0.

Proof. Let f be in Hom, (B, E(M,)) such that f|A=0. Then there exists
te T such that the following diagram is commutative.

Here & is the inclusion map. Then for any b= B, f(b)=¢((1) b)=(t(1)) b=(f(1)) b=
0. Hence we have f=0.

Proposition 12. Let ¢ be the map defined in Lemma 1 (2). Then Im¢DM
if and only if M, is a rational extension of A, In this case, we have Im¢=
Anngy y (AnnzM) and Im ¢ is a maximal rational extension of M, (as well as A,).

Proof. By Proposition 6, B, is a rational extension of A, Hence if Im¢
(=BJ) DM, then by Lemma 8, M, is a rational extension of A,. In this case, by
Proposition 7, we have AnnzM=Ann;A and hence by Lemma 1, Im ¢=Anngur,
(Ann;M). Conversely, let M, be a rational extension of A, Since AnnyM=
AnnyA, we have Im ¢=Anngy, (AnngM)DM. In this case Im¢ is a maximal
rational extension of M.

Proposition 13. Let N, be a submodule of M, such that M, is a rational
extension of N,, Then we have the following:
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(1) For any meM, (N: m)={acAlma=N} is an M-dense right ideal.
(2) For any M-dense right ideal D and for any A-homomorphism f: D;/——
M,, f~I(N)={d=D| f(d)=N} is an M-dense right ideal.

Proof. (1) We prove that Ann;(N: m)CAnn;,A Let t&Ann,(N: m). Since
E(M,) is injective, there exists # €T such that the following diagram is commu-
tative :

k
N-+mA—E(M,)

Zl ol
&
E(M,)

were A(n+ma)=t(a) and k is the inclusion map. Hence #(N)=0. By Proposition
7, since AnnzN=Ann;M, we have ¢ {M)=0. Hence for any a= A, t(a)=t(1) a=
A(m) a=t'(m) a=0.

(2) For any deD, (ffYN):d)={ac AldacsfN)} ={ac A|f(da)c N} =
{ac Al fid)acsN}=(N: f(d)). Hence by (1), (fYN): d) is M-dense and f}(N)
is M-dense by the condition of the Gabriel topology.

Corollary 14. Let M, be a rational extension of A, and D, D, and D, be
dense right ideals. Then we have the following :

(1) For any me M, (D: m) is dense.

(2) For any A-homomorphism f: D——>M,, f(D,) is dense.

We put A;=lim Hom, (D, A, A, =lim Hom, (D, A,) M, =lim Hom, (D, M,)
Dex Des e
and M, =lim Hom, (D, M,). M, (resp. Mg:[{) is a right A,-(resp. A,,-) module
Des
under the multiplication [f] [a] =[ f«(ala~(Dy))] where f&Hom,(D;, M), a=Hom,
(Dy, Ay, D% and D,eP (resp. D,e Dy and D,e Dy) ([4], p. 196). Canonically
we have ACA,, CA; and MC My,

Q%’Az/Mﬂ

l M-‘*"M

B=A;

M

M

A

Proposition 15.
(1) My, is a rational extension of M,.
(2) For the map n : M—— M, (m——>[m]), M, is a rational extension of 7(M),.

Proof. (1) Let [fi] and [f;] be in M, such that [fi]] #0 where fi=Hom,
(D, M) and fyeHomy, (Ds, M,). Then there exists deD,N D, such that £(d)+0,
and we have [fi] d#0 and [f;]d=M.

(2) This is simiiar to (1).
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Lemma 16 ([2], p. 97). Let M, be a rational extension of A, and D be a
dense right ideal. then we have an isomorphism

{b€ B|(1) bde M for al'! d=D}——Hom,(D, M,) (b——(d—1) bd)).

Theorem 17. The following conditions are equivalent.
(1) M, is a rational extension of A,

(2) B—M,,(b—>[f]) is a right A-isomorphism where f is the map (M: b)
—> M(z—(1) (bx)).
(3) M., is a rational extension of B,.

In this case, =, B=Q, M, is a ring and the map of (2) is a ring isomor-
phism which fixes elements of A.

Proof. (1)=>(2): Let M, be a rational extension of A,. Then by Lemma 9,
we have &=9,. Hence Q equals B and by Proposition 15, M., is the maximal
rational extension of A, So we have B,=M,,(b——[f]) where f is the map
(M : b)——>M(x—>(1) (bx)) (cf. Lemma 16). (2)=(1): Since B, is a rational exten-
sion of A, Mm is a rational extension of A, and hence M, is a rational extension
of A, (1)&(3): This is trivial by Lemma 8 and Proposition 15. In this case, for
any f;: D,——M and f, : D,——M(D,, D,c D), we define [ £i] [ e]l=[/i(fe] 7H(D))]
and [£]+[f]=[fi+f] where fi+f: DiNDe——M(d— fi(d)+/f2(d)). Then M,
becomes a ring and the map of (2) is a ring isomorphism which fixes elements

of A.
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