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In this note, we assume that all rings have an identity 1 and all modules over a ring are
unitary.

Let R be a commutative ring and A be an R-algebra. A is called an ideal algebra over
R if for any ideal I’ of A and for any ideal I of R, the conditions (%) (I'NR) A=I" and
IANR=I are satisfied where 'R is the inverse image of I’ with respect to the ring
homomorphism R—A ([5]). An ideal algebra is a faithfully flat R-module, and a central
separable algebra is an example of an ideal algebra ([5]).

A non-empty family of right ideals f of A is called a Gabriel topology when the
following conditions are satisfied.

(1) If I*&§ and a<A, then (I*:a)<f, where (I*:a) ={x€A |ax&EI*}.

(2) Let I* be a right ideal of A. If there exists J¥*&{ such that for every acJ*,

(I*:a) €f then I*<¥.

A non-empty family of ideals @ of A is called a strong filter when the following
conditions are satisfied.

(1) If 'L’ and J is any ideal such that I'C]J’, then J’EL.

(2) e and JE', then I’ J’'eQ.

By (1) and (2), it is satisfied that if I' and J’E¥ then 'NJ' €.

§1. Strong filters

Let & be a strong filter of A. For a right A-module Ma, we let
M = lim Homa ('a, Ma). A is a ring and M, is a right Awy-module (cf. [1]).
rey
Lemma 1.
(1) Let Ma be a finitely generated and projective A-module, Ng be a right B-module
and AU be a bimodule. Then the following map
® : M®sHoms (Ng, Us) >Homg (Ns, M®a Up) (mRf— (x—>m&f(x)))

is an isomorphism where m&M, f&Homs (Ns, Us) and x&N. The inverse map @' is
defined as @ '(h) :gﬂ} m® (gich) where {m,, g}(1<i<n) is a dual basis for Ma,

h&Homs (Ng, M®aUs) and g is the map M®a\Us— Uz (m®u — gi(m)u) (wEU).

(2) Let A be an R-algebra and Ma be a right A-module which is finitely generated and
projective as an R-module. Then for any X and Ng, the following map

¥ : Homg(Ng, Xg) ®cMs—Homa (N®rAa, X®rMa) 2 (f®m— (n®a—1(n)®ma)) is an
isomorphism as right A-modules where fE Homr(Ng,Xz), mEM, nEN and aSA. The
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inverse map ¥~ is defined as ¥ (h) :g(ﬁio (h|N)) ®m; where {m;, ki} (1=i<s) is a

dual basis for Mg, (h|N) is the map N - X®:M (n—h(n®Il)) and ki is the map
X@RM - X (X®m i Xkl(m)) (XEX, hEHomA (N®RAA, X@RMA))

Proposition 2.

Let A be an ideal algebra over R. Then there is a one-to-one correspondence between
strong filters & of A and strong filters { of R.

Proof.

By the relation (%), for a strong filter & of A, 8={'NR|I'EL’} is a strong filter of
R, and for a strong filter Q of R, ¥’ ={IA|IE&} is a strong filter of A.

Proposition 3.

Let A be an ideal algebra over R and let & and 2 be corresponding strong filters in
Proposition 2.

(1) If M, is finitely generated and projective as an R-module, then there is an
isomorphism M ) =R ®=&M, and if Ag is finitely generated and projective, this isomor-
phism is a right A «)-isomorphism.

(2) If Ma is finitely generated and projective, then there is an isomorphism
M oy =M®aAe) as right A @ -modules.

proof.

(1) Since Ag is flat and Mg is finitely generated and projective, by Lemma 1 (2), we

have

M (9'):£’ﬂ) Homa (I’A, Ma)
rey

= lim Homa (TIAa, Ma)
¢
= lim Homa (IQrAa, Ma)

Iee
%m} Homg (Iz, Rr) ®xM

Ieg

=R &M

(2) By Lemma 1 (1), we have
M @ :m Homa (I’A» Ma)

reg

= lim M®aHoma (I'a, Aa)

rey’
EM@A ll_rn) Homa (I’A, AA)

rey’

=M®aA (@)
§2. Gabriel topologies

Lemma 4.

Let A be an ideal algebra over R and {f be a Gabriel topology of A. We set
@={I'ef|I is an ideal}. Then & is a strong filter of A and ¢={I'NR |’} is a Gabriel
topology of R. Further we obtain ={AI*NR|I*f}={I|I is an ideal of R and IA€{}.

Lemma 5.
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Let A be an ideal algebra over R and € be a Gabriel topology of R. We set
@={IA|I€g}. Let P be the class of right ideals of A which is the weakest Gabriel
topology of A containing &. Then.

(1) f={I*|I* is a right ideal of A and there exists [EQ such that IACI*},

(2) @={I'e7|TI’ is an ideal} and & is a strong filter,

3) e={'NR|TE}={I*NR|I*&},

(4) 7={1*|I* is a right ideal of A and I*NR<g}.

Proof.

(1) We set &*={I*|I* is a right ideal of A and there exists [EQ such that IACI*}.
Clearly ¢*Cf. We prove that €* is a Gabriel topology.

Let I*€Q* [IACI* and a€A. Then since IAC(I*:a), (I*:a) Q™.

Next, let T be a right ideal of A and J* be in £* such that for any a*& J*, (1:a*) eg*.
There exists JEQ such that JACJ*. For anyj<], {NR:j) ={rER|jr-1€l}=(1:j-1) NR,
and (f:je1)€9* Hence there exists 1E¢ such that IAc(l:j-1). Since
I=IANRC (1:j-1), we have (I:j+1) NREQ and so INREL. Hence (INR)AcCisg*
Therefore Q* is a Gabriel topology. Since { is weakest, we obtain f'=2*.

(2), (3) and (4) are easily seen by (1).

Let i’ be a Gabriel topology of A and A be a subset of {. A is said to be a basis of
P if for any I*€f, there exists IEA such that ICI* ([7], p. 145). A Gabriel topology is
called bounded if it has a basis consisting of ideals ([7], p. 150).

Proposition 6.

Let A be an ideal algebra over R. Then there is a one-to-one correspondence between
bounded Gabriel topologies of A and Gabriel topologies of R.

Proof.

Let " be a bounded Gabriel topology of A and & be the set of ideals in . Then £’ is
a basis of f' and by Lemma 4, ={'NR|I'€L’} is a Gabriel topology of R. Further, by
Lemma 5, & ={IA |IEQ} and we can see that {'={I* | I* is a right ideal of A and there exists
I8 such that IACI*}.

On the other hand, let @ be a Gabriel topology of R. Then by Lemma 5, {I*|I* is a
right ideal of A and there exists IEQ such that IACI*} is a bounded Gabriel topology, and
we can see that ={'NR|I'Ef and I’ is an ideal}.

Example.

Let A be an ideal algebra over R. Then it is easily seen that if P is a prime ideal of
R then PA is a prime ideal of A and if P’ is a prime ideal of A then P’NR is a prime ideal
of R. For a prime ideal P of R, %={I|I is an ideal of R such that ITP} is a Gabriel
topology ([7] p.151). Then the corresponding strong filter and bounded Gabriel topology
of A are @ pa={I"|I’ is an ideal of A such that '€ PA} and { pa={I*|I* is a right ideal and
there exists an ideal I'CI* such that 'CPA}. More generally, for a set of prime ideals p
of R, png" is a Gabriel topology and the corresponding strong filter and bounded Gabriel
topology are }Qvﬁ’m and () f'ea.

For a right A-module M. and a Gabriel topology  of A, we define
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M(m:li_m) Homa (I*a, Ma) and M ;v:lim) Homya (I*a, M/t’ (M) ) where t'(M) is the torsion
I*ey rey

submodule of M with respect to f ([7], pp. 195-197).

Proposition 7.

Let A be an ideal algebra over R. { be a bounded Gabriel topology of A and  be the
Gabriel topology of R corresponding to f. Then,

(1) (cf. [4], p. 521, Cor. 2.9) if M, is finitely generated and projective as an R-module,
then there are isomorphisms M ¢ =M®xR  and M =M®xR .. If A is finitely generated
and projective as an R-module, these isomorphisms are isomorphisms as right A -, A -
modules respectively.

(2) (cf. [2], p. 32, Th. 4.7) if Ma is finitely generated and projective, then there are
isomorphisms M ¢ =M®aA ) and M ;= M®aA ¢ as right A -, A --modules respectively.

Proof.

(1) By the definition and Proposition 3 (1), M ¢ =_1lim Homa (I*s, Ma), and

ref

M @1 =R &@=M. Further, the map M @ = lim Homa (IAa, Ma)— M ¢ ([h]—[h])is an

Ay
isomorphism. Since Mk is finitely generated and projective, t’(M) =M@kt (R) =t(R)M
where t(R) is the torsion submodule of R with respect to & Hence by Lemma 1 (2), we
have

Mi':m Homa (I*a, M/t’ (M) a)

ey

EM Homa (IAA, R/t (R) ®:May)

Ieg

~M@®x lim Home(I, R/t(R))

ey
=M®xkR ..
(2) The fact that M ¢ =M®:aA ) is proved in a way similar to that of Proposition 3
(2). Since Ma is finitely generated and projective, t' (M) =M®at’ (A) =Mt’(A) and hence
by Lemma 1 (1), we have
Mr:li_m) Homa (I*A, M/t’ (M) A)

ey

= lim Homa I*a, M®iA/t'(A) )

I*er

=M®alim Homa (I*a, A/t'(A)a)
I*ef

=M®aA .
§ 3. Torsion theories

Let A be an ideal algebra over R, f' be a bounded Gabriel topology of A and & be the
Gabriel topology of R corresponding to . Let (', &) be the torsion theory of A with
respect to f and (%, §) be the torsion theory of R with respect to L.

Proposition 8. (cf. [4] , p. 515, Th 2.5)

(1) For a right A-module Ma, MAEX’ if and only if Mx=%. Hence T’ ={Ma | M:E%).
(2) For a right A-module M,, if MrET then for any left A-module 1 X, M1 XrES.
(3) For an R-module Ng, if NkET then for any right A-module Xa, N®rXAET'.
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Conversely, if N®ALET' then Nrk=Z. Hence we have T={Ng|N®rA2r=T’}={Ng|for
any Xa, NReXA€3').

(4) For an R-module Ny, if Nk&%T then for any R-module X, NRrXrET.

Proof.

(1) Let MAa€¥’. For any mEM, Anna(m)={a€A|ma=0}<f. By Lemma 5 and
Proposition 6, there exists IEQ such that IACAnna(m). Hence ICAnnz(m) and MrEE.
Conversely, let MrkEZ. For any mEM, Anng(m) EL. Since (Annk(m)) ACAnna(m), by
Lemma 5, we have Anna(m) & and MAaET'.

(2) For any R-module FrE§, since Homg kM®aX, rF) =Homa (1 X, Homg (zM, rF)) =
0, we have M@\ XET.

(3) Let NgkeZ. For any Xa, we will prove N®rXrEZ. For any FrEH, since
Homg (N®:Xg, Fr) 2Homs(X®&Nr, Fr) =Homr(Xz, Homg(Ng, Fr))=0, we have
N®zXzEZ. Hence by (1), N®xXAa=T'. Conversely, by the assumption, NQrA,ET’ and
by (1), N®rAEZ. Since Ag is faithfully flat, the map N - N® rA (n — n®1) is an R-
monomorphism. Hence for any nEN, Anng(n) =Ann: (n®1) €L and N:ET.

(4) This is similar to (3).

Propesition 9. (cf. [3])

(1) For a right A-module M, MAE® if and only if MrEF. Hence F ={Ma| MrEF).

(2) For an R-module Ng, if NQrALEF then Nr&F.

(3) For an R-module Ng, if NrkEF then for any right A-module Xa which is finitely
generated and projective as an R-module, NQzXAEF. Hence if Ag is finitely generated
and projective then F={Ngz | NXrALEF}.

Proof.

(1) Let MAas®. For any NxEZ, by Proposition 8 (3), N®rAAET and since
0:HomA(N®RAA, MA) EHomR(NR, Homa (AA,MA)) gI‘IOI’I’IR(NR, MR), we have MRE%
Conversely, let MrzE®. For any NaE%', by Proposition 8 (1), NrEZ. Hence
Homa (Na, Ma) CHomg (Ng,Mz) =0, and so MAaEF".

(2) By (1), N®:AREF. Since Ag is faithfully flat, the map N — N®gA (n— n®1) is
an R—monomorphism. Since § is closed under submodules, we have NgEF.

(3) Let Nre%. Since Xk is finitely generated and projective, by Lemma 1 (1), for any
TREQ, HomR(T Ry N®RXR) = HOI‘HR(TR, NR) ®RX:O. Hence N®RXR€%, SO by (1),
NRrXAEF.

Proposition 10.

(1) (cf. [4], Th. 2.5) Let Ng be an R-module. If NrEgF then for any left A-module
aX, Homg(Xg, Nr)aEF.

(2) Let Fa be a right A-module. If FrEF then for any right A-module Xa,
Homa (X4, Fa)rEF.

(3) Let Ag be finitely generated and projective. If Homg{(Ag, Nr)aEF then NrEF.
Hence if Ag is finitely generated and projective, §={Nx| Homg (A, Ng)aEF}.

Proof.

(1) For any right A-module MaE%’, by Proposition 8 (1) and (2), MgET and
M®a XzEZ. Hence Homa(Ma, Homg(Xg, Ng)a) =Homr(M®&aXg, Ng) =0, so we have
HomR(XR, NR)AE%,.
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(2) For any NREZT, Homg (Ng, Homa (Xa, Fa)) =Homa(Xa, Homg(Ng, Fr)) =0.
Hence we have Homa (X4, Fa) €.

(3) By Proposition 9 (1), Homg (Ag, Nr)rE% and by Lemma 1 (1) and Proposition 9
(3), Homg(Ar, N®zAr)a=Homs(Ar, Nr) ®:As €F. Hence by Proposition 9 (1),
Homg (Ag, NQrAR)rEF. For any R-module TxET and g&Homr(Tx, Nr), we have the
following commutative diagram

kr P
Tr — T®rA — Homgr(Ar, NQrAzr)

g | ! g®/
kN M

NR - N®RA

where kr1(t) =t®1, kn(n) =n®1, p(t®a) (a’) =g (t)®aa’ and x(h)=h(1) (tET, nEN,
a, a’ €A, hEHomr(Ar, N®rAr)). Since pokr=0, we have kneg=0. Further, since Agr is
faithfully flat, ky is a monomorphism and hence g=0. So we find that Homg (T, Ng) =0
and NREF.
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