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In this note, every ring has an identity 1 and every module over a ring is unital. A ring extension A/B
means B is a subring of A containing 1, (the identity of A) and a ring homomorphism means such one that
the image of 1 is 1.

A homomorphism will be usually written at the opposite side of the scalar.

An A’-A-bimodule U, is said to be a Morita module if U, is a progenerator and A" = End(U,) ([7] p.98).

We consider ring extensions A/B and A'/B" which have Morita modules ,U, and »'Vs.

Lemma 1. ([7], p.111). Under the above situations, the following statements are equivalent.
(1) There exists a B-A-isomorphism ¢: V& A, = pU,.
(2) There exists an A’-B-isomorphism ¢ yA ® yVy = +Us.
In this case, the equation ¢(v®1) = ¢'(1 ® v) holds for any vEV.
Proof. (1)=(2): Since 'V is finitely generated and projective, we have
A'A’ QpVy = +Hom(U,,U,) QpVy = yHom(Hom(sV,5U)a,Us)s
= yHom(Hom(z'V,5V &® A),,Ux)s = vHomHom(sV,5'V) @ 5A4,Us)s
yvHom(A,,Ua)g = 4 Us.
Hence an isomorphism ¢ exists and the above correspondences are given by
2a; Qv ~ 2(x—a; x)Qv; —~ (g~ 2a;(v)g)
—(h—Xa;"¢(v)h) = (v > v®a) ~ ua) < (1Q®a — ua)
—@—-ua)—u=¢a;dvy).
So, for any a€A, Xa - ¢(v; @1)a= 2a ¢(vi®a) =ua =¢'(X2a; ®vy)'a= 2a; ¢ (1 Qv a.
Especially, ¢(v® 1) =¢'(1 ®v) for any vEV.
(2)=(1): This is similarly proved.

I

If the conditions of Lemma 1 are satisfied, then ring extensions A/B and A'/B are said to be Morita
equivalent ([7] p.111, [5] p.74).

Proposition 2. If Lemma 1 is satisfied, then the following statements are equivalent.
(1) The map 1A ® ;A, = 1 Ax (x ®y — xy) is an isomorphism.
(2) The map yA @ pV® A, » U, @ Q®v®a—a¢(v®a) = ¢'(a ®v)a) is an isomorphism.
(3) The map yA @ yA'y = vA'y (x ®y — xy) is an isomorphism.
Proof. (1)=(2): By Lemma 1, we have
VAR VA, = URA, = UK AR A, =, UR A, =, U,.
AQv®a— ¢ (@QvVR®a—>¢d @ RVQ1IR®Ra—¢d(@®v)®a— ¢'(a@v)a
T WR®1 < u®l —u®1IRQ1 <« u®1 <« u
(2)=(3): Since 4 Uy = yA @V A, = A QpU, = A QA ® U,
U= ¢ {W®1—-> 23, Q¢(vi® — Xa; @1 ¢(v; ®1) where ¢ (u)=2a’; Qv;
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DA Qws « X Q@' ¥t « X Oyt « X Qy @t where ¢ 1(y't)= 2w, sy
and U, is finitely generated and projective, we have
A Ay = A QA Q yHom(Uy,Uy)a = wHom(Uy, A" @ w A’ ® 4 Uy
= vHom(U,,Uy)a = A’A’A“
XY >xXQIQUu—-yu - (t-xQIQyt=xQy Qt)
> t—>2ZdE Q@wy)sy = 2xp(wy @) = xXyt) — Xy
(3)=(2): By Lemma 1, we have yA @ 5V A, = yA QpU, = vA A ®,U,
=, U, aQv®a—-aQ¢(vR®a)—a R1IQ¢(vQ®a)—a Re(vRa).
(2)=(1): Since #Uy = yA Q@ pV ® A, = v UQR A, =, UR AR A,
U= ¢ W1 ->u®1-u®1R1
and AU is finitely generated and projective, we have
AR AL = ,Hom(wU,,»U) ® AR A, = ,Hom(yU,»U X AR A,)
= yHom(yU,oU)s = 1A
XQy > ux)®1Qy > u—->ux®1Qy) — (u— uxy) — xy.

Lemma 3. If Lemma 1 is satisfied, then

(1) \Hom(U,,A)x = aHom(y U, Ay (f — 1)

(2) gHom(Vg,Bg)e = sHom(s'V,e'B)p (g~ g’)
For the above correspondences, the equations y-f(x) = (y)f *x and z-g(w) = (z)g*w hold for any x,yEU
and w,zEV.

Proof. (1) We have yHom(U,,Ax)y = aHom(Ux,Hom(y U, 2 U)a)

= AHom(A'UyA'Hom(UAyUA))A' = AHom(A'U;A'A’)A'
f— h:(x >y vy f(x4))
= hyi (v~ (X2 (y2) [hi(x0)] = v f(x2)) >

and (v>)f *x, = [(72)f ](x2) = v, f(x).
(2) is similarly proved.

The modules which were defined in (1) and (2) of Lemma 3 will be written as U* and V* respectively.

Lemma 4. If Lemma 1 is satisfied, then
(1) AU*y = yHom(Vg,Ag)w
(2) gU*y = BHom(B'VyB'A,)A'
(3) A’U ® BV*B' A'A’B'
(4) B’V ® BU*A’ B’A’A'
() sV* Q@ pUsy=35A4
(6) AU>l< ® B’VB ;AAB
Proof. (1) By Lemma 1, we have ,U*y = ;Hom(U,,A)p = sHom(V & s Ay, AL)e
= yHom(Vg,Hom(Ax,An)e)e = aHom(Vp,Ap)p.
(2) By Lemma 1, we have ;U*y = ;Hom(yU,yA)y = sHom(yA ® 5V, Ay
= BHOm(B’V;B’Hom(A'A’;A'A’))A' = BHom(B'VyB'A,)A'-
(3) Since Vy is finitely generated and projective, by Lemma 1, we have
YUV = ,U® sHom(Ve,Be)e = wHom(Vy, U Q 5Bg)er = vHom(Vi,Us)e
= vHom(Vg, A ® 5 Vp)p = +A'® yHom(Vg, Vi) = vA'p.
(4) Since U, is finitely generated and projective, by Lemma 1, we have
gV Uy = VO gHom(Uy, Ay = g Hom(Uy,V Q gAs)w = wHom(U,,Uy)y = B’A’A“
(5) By Lemma 1, we have s V* @ g U, = s V* Q@ 'V Q A, = 5A,.
(6) Since AU is finitely generated and projective, by Lemma 1, we have
ZU*QpVy = AHom(A’U;A’A,) QpVg = AHom(A’UyA’A, Qe V)g = y\Hom(yU,»U)g = 4 As.
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Proposition 5. If Lemma 1 is satisfied, then we have

(1) sA is flat if and only if A’ is flat.

(2) Ay is flat if and only if A’y is flat.

Proof. (1) If ;A is flat, then 'V ® ;A = 5 U is flat and hence U ® ,U* = p A’ is flat. If A’ is flat, then
yU® ,U* is flat and by Lemma 4 (5), ;) V* @ yU® ,U* = ;A ® ,U* = ;U* is flat. Hence ;U*® ,U = ;A
is flat.

(2) is similarly proved by Lemma 4 (6).

Let \Mg be the isomorphism classes of A-B-bimodules. We consider the following two diagrams.

(diagram 1) (diagram 2)
A' MB
[UV wv ] [&/ yxu
[U*A®] [®eV] [®aUl] [V ®]
B A A B

[®pV*] [UaR®] [VeR] [®aU*]
[®eV] [U*a [V ®] [®aU]

where, for example, the map [U, @ ] is defined by [Us @ ][, X;] = [#U® 1 X;].

If the conditions of Lemma 1 and Proposition 2 are satisfied, in each isomorphism classes of diagram 1
and diagram 2, a binary multiplication are defined with a left identity and a right identity respectively.

For example, the multiplication in ,M; is defined by [4Xp][aYs] = [4 X ® Y], and since ,A QY
= AQRARYE = AR Y = ,Ys, [4As]. is a left identity. The multiplication in My is defined by
[wXpllwYs] = [WUR U R X QU*® Y] = [wXQsU*® 4 Y] and [4Usl. is a left identity. By
Lemma 4 (4), the multiplication in »+My is defined by [+ Xp ][4 Ys] = [WU @ U* R, X Ry VR ,U*Q Y
QReVOVip] = [WXOpA QY] = [ XQpYy] and [4A'y] is a left identity. The multiplication in
My is defined by [ Xl [aYe] = [LX® V& ;:Ye] and by Lemma 4 (1), [\U*y] = [AA Rz V*p] is a left
identity.

We can consider similarly in the diagram 2, and [3A.] is a right identity of ;M..

Proposition 6. Maps of diagram 1 (resp. diagram 2) are bijective and preserve the multiplications and left
(resp. right) identities.

Let 5’V be a Morita module. It is well known that there exists a one-to-one correspondence between the
set of (two sided) ideals {J }of B" and the set of (two sided) ideals {J}of B under the correspondence
J = {bEB| VbS] V}and {bEB | bVEV]} < J ([2], p6).

In this note, we will always assume that B is a right Noetherian and right hereditary ring. That is, B is
right Noetherian and every right ideal of B is projective. Then B is also a right Noetherian and right

hereditary ring ([3], p.378).

An ideal J of B is called dense as a right ideal if b] = 0 then b = 0 for any b&B ([6], p.96).
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Let D= {J | J is an ideal of B and dense as a right ideal of B}. Then,
(1) for ideals J and K of B, if JED and J<K, then KED,
(2) for ideals J and K of B, if JED and K€D, then JKED.

That is, D is a filter.

Let A = 1_i)mHom(JB,BB) (a ring of right quotients of B) ([1]). B is canonically a subring of A.
D
Lemma 7. For any J, KED, we have
sHom(J5,Bs) & sHom(Ks,Bp)s = sHom(KJs,Bg)s.
Proof. Since K; is finitely generated and projective, we have
pHom(Js,Bp) & sHom(Ks,Bp)s = sHom(Ky,Hom(J,Bs) @ 3Bg)s
sHom(Ky,Hom(J5,Bg)s)s = BHom(K® 3Js, Be)s
sHom(K]Js, Bs)s
h, ® h, = (x;— h; @ h,(x,))
—(x;— h, *hy(x,)) = (x; ® x,— h; [h,(x,)x,])
—(x;°x,~ [h; *hy ] (X1 °X2)) = hy+h,.

~
~

Proposition 8. Under the above situations, we have the map A ® ;A — A (a, ® a,— a,a,) is an isomor-
phism and ;A is flat.
Proof. Since any element of D is finitely generated and projective, by Lemma 7,
AQRLA = lim Hom(Js,Bs) X slim Hom(Ks,Bg) = lim Hom(K ® :J,Bs)

D D DXD
= lgn Hom(K]Jg,Bg) = gm Hom(I;,Bg) = A.
DXD D

Let 0 > X3;— Y; is exact. Since 0 > Hom(J,Xg) > Hom(J,Ys) is exact and J; is finitely generated and
projective, 0 > X ® sHom(J,Bs) > Y & sHom(J,Bg) is exact. Hence, 0 > X &® slim Hom(J,Bs)
-Y® slimHom(Js,Bs) is exact. D

D

Lemma 9. Let JED and J' = {b'EB" | bVEV]} be the ideal of B" which corresponds to J. Then, J is

dense as a right ideal of B" and
A sHom(J,Bg) QpVHy = B’Hom(J’B’,B’B’)B’
QR &E—(y— Z[T'{é“f(Vj)}(Xj)] 1,0,3‘)

where J, =,V 5] QsViy = V&5 J® BHom(B’VyB'B,)B’ y— EVJ ® X ® 1/f,j)
veJ, vieV, x;,€J, ¥;€V*). In this case, y = 2(vix;)¥ ;.

Proof. Since Vj is finitely generated and projective,

J, gHom(Vy,V]p)y = V] & sHom(Vg,Bg)s
=gV & gJ & sHom(Vy, By = ¢V & gJ X BHom(B'VyB'B,)B'y
sHom( V*,5JV*)y
y = (v = yv) = 2vix; @ ¢
> 2V ®x; @y > 2v; Ox; @
= (g = 2Zg(vi)x;¥).

In this case, by Lemma 3, for any vE€V, yv = 2v;*X; ¢ (v) = 2(v;x;)¥; *v.
Hence y = 2)(v;x;)¢;. Moreover, since [2g(vi)x;¥5](v) = Zg(vi)x;95(v) = g(Zvix; (V)
= g(Z(vixy)¥'5 v) = glyv) = (gy)(v), we have 2g(vy)x;¥y = gy.

Let b'J' = 0. For any v€V and w&JV*, we can define the map 7 .: s V* = sJV* (g = g(v)w). Then, for
any g€V*, we have 0 = (2)[b'7.w] = (@) = (gb)(V)w = g(bV)w. Since zJV* is faithful, g(b'v) = 0.
Hence b'v = 0 and b’ = 0. Further,

e
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wV & sHom(J5,Bs) @ s V¥ = 5V & sHom(J,Bs) ® sHom(V,Bp)w
= 5V @ sHom(V,Hom(J5,Be)p)e = 5V & sHom(V & 5J5,Bs)w
sHom(V ® 5J5,Ve)e = sHom(V & 5J5, Hom(V*5,B's)s)er
yHom(V ® 5] ® s V*5,B'y)y = s Hom(J s, Be)s.

e

IR

Theorem 10. Let A = limHom(Js,Bs) (a ring of right quotients of B), U =V Q A, and A" = End(U,).
D

And let D' ={JSB'| J is an ideal of B and dense as a right ideal}. Then

A’ = 1lim Hom(J',B'w) (a ring of right quotient of B) and yA’ is flat.

o8
Proof. By Lemma 9, we have
BrlLr,nHom(J'Br,B'Br)Br = pV ® slimHom(Js,Bs) @ s V*e
D D
V& ARV y = U sHom(Vg,Bg)w
B’Hom(VB,UB)B’
= pHom(Vp, A ® 5 Vi)y = wA' Q@ yHom(Vg, Vi)y = gA'p.
Then, in the above isomorphisms, we will show that 1 of E)m Hom(J s, B'y) corresponds to 1 of A".  Since V
is finitely generated and projective, there exist D
7€V and & EHom(V;,Bg) such that for any vE€EV, v = 27+ & (v). Then,
[1] = [(Y - %[Tk'tfk(Vj)‘Xj] W’j = Y):l <25 & [1] ® éx
> 250104 =2(n Q1) &
>V E(n®) &) = Za-&WVO1=ve1, = ¢'(@®v)
—~v—aQ®v)—a®l<a.
In this case, by Lemma 1, for any a€A, vQa = (v®1l)a=¢ @ ®via=a¢d (1, Ov)a=a(v&1,)a

= a'(v®a). Hence a’ = 1. That is, the isomorhism ILmHom(]'Br,B'Br)Br — A’ is an isomorphism as rings.
%

e 1R

The fact that yA’ is flat follows from Proposition 8 and Proposition 5.

Proposition 11. In Theorem 10, we have

My | My =M ;V*y for some Mg such that M@ ;A =0} = {My | M ® zA" = 0}.

Proof. Let M® zA = 0. Since 'V and U, are finitely generared and projective, by Lemma 4 (2),
M Viy Q@yA =M ;Hom(pV,yB) @ pyA' = M sHom(zV,pyA) = MO ;U* = MQ® ;Hom(U,,A,)
=Hom(U, M ® zA,) = 0.

Convesely, let M ® A" = 0 and put Mz = M' & V. Then, we have M@ ;A =M Q VR ;A
EMOQU=ZMOrAR,U=0and MV R;V*y = My

(*) In this case, T = {M; | M® ;A = 0} is a hereditary torsin class,
F = {05 | O is a right ideal of B such that LA = A}
= {0l | Ol is a right ideal of B such that J<(l for some JED}
is a topology and A = limHom((ls, Bs) (L8], p.78).
F
Moreover, T' = {My | My = M ® 3 V*y for some Mz T}
=My |IM®yA" =0}
is a hereditary torsion class,
F = {0y | Oy is a right ideal of B" such that OU'A" = A"}
= {0y | Oy is a right ideal of B such that <" for some J'€D’}
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and A" = limHom(Ol'y, B'y) ([4], p.663).

=

=
= #
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