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Throughout this note, let A/B be a ring extension. A/B is called a separable extension if the map
7' aAA®pAs— 4Aa (a1 ® az— aiaz) splits. That is, there exists an A-A-homomorphism & : 4As—>
1A ®pAa such that 'k’ =ida (the identity map of A). If we denote k’(l):Zi‘.ui@? i, Zz_‘.uivi: I and 251%1'@ v:
=2 u:® via for any a<SA.

VlVe assume all rings have the identities 1, all subrings contain the identity of the over ring, and modules

are unitary.

Let 4P4 be an A-A-bimodule. As a generalization of a separable extension, we call 4P4 a separable
module over B if it satisfies the following properties:
(1) There exists a surjective A-A-homomorphism ¢ : 4Pa — 4A4 which splits. That is, there exists an
A-A-homomorphism & : 4A4 — 4Pa such that ¢e =1ida.
(2) There exists a surjective A-A-homomorphism 7z : 4P ® pPx — 4Pa which splits. That is, there exists
an A-A-homomorphism % : APa — 4P ®5Pa such that =k =1idp.
(3) The following diagram is commutative:

AP®BPA APA

= |

AA®As — 4Aa.

’

T

That is, pz=7"(¢ ® ¢) where (¢ ® ¢)(P:1® p2)= ¢ (p1) ® $(p2).

Clearly, if A/B is a separable extension, then 444 is a separable module, and if a separable module 4P
exists, because 7'(¢ ® ¢)ke = prke =ids, A/B is a separable extension. Here, we will note some examples

of separable modules.

Examplel. Let A/B be a separable extension and 4P be a separable module. Then 4P ®3Ps is a
separable module.
Proof. Let ¢, &, 7, and %2 be maps that satisfy the properties (1), (2), and (3). we define maps
@:,POsPa—4As (p®q— ¢(p)d(q)),
E: sAs— AP ®P (Cl e (8 ® e)k’(a):(e ®£)(Z{‘4dui® Ui)),
II:(P®sP)®(P®sP) —>P®sP (p®q®p'®¢ —> 2(p®q)®@z(p'®¢)),
and K : P®sP — (P®3P)®s(P®sP) (p®q— k(p)®k(q)).
Then @, E, II, and K satisfy properties (1), (2), and (3).
Similarly, 4P ® 5-- ® sP4 is a separable module. For example, in case 4P ® P ® sP4, instead of above FE,
we may define the map
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E:1As—> 4P ®zP Q3P (04'(5 ®e ®€)<Za%i%j® 0;® Ui)).

Example 2. Let A be a commutative ring, A/B a separable extension and 4P and 4P be separable
modules. We assume bp:=p:b and bp2=p2b for any piE P, p2EPs, and bEB. Then 4P ®P4 is a sepa-
rable module.

Proof. This is similar to Example 1. Let ¢:, &;, 7 and & be maps that satisfy the properties (1), (2), and
(3) with respect to aPu (1=1,2). We define maps

D : 1P ® pPoa— 4Aa (p1® pr— ¢1(p1) p=(p2)),

E: jAs— sPi®5sPoa (d - (61 ® Eg)k/((l> = (81 ® Ez)(;d%i(@ Ui)),

II : (P,®sP5) ® 5(P;® gPs) — P, ® pPs ([)1 QP ® g —> m(pz ® CII) ® 7[2([)2® L]2)),
and K =&(k:® kz) where & is an isomorhpism

& Pi®pP®pPr®pPs — P ® P> ® P, ® pPs (D1®UR P2 qz—> p1® P2 1 ® q2).

Example 3. Let A be a commutative ring, A/B be a separable extension, and Pa be a separable module
that is finitely generated and projective. We assume ap =pa for any pEP and a=A. Then
aHoma(Pa, Aa)a is a separable module.

Proof. Let ¢, &, #, and & be maps that satisfy the properties (1), (2), and (3). Then we define maps

D : AHOWZA(PA, AA)A — 4A4 (f _'fe(l)),
E: As— AHOWLA(PA, AA)A (d —>ap= ¢Sa),
and
II: HOWLA(PA, AA) ®BHOWLA(PA, AA) - HOWLA(PA, AA) (f ®g erg).
Moreover since A/B is separable and Pa is finitely generated and projective, the map
K : HOWLA(PA, AA) - HOWLA(PA, A ®BAA) ey A ®BH0MA(PA, AA)
(f - k'f - 235 ® s
— Homa(Pa, Aa) ® sHoma(Pa, As) ’
— 2 O ;)
is defined Wherejthe map (*) is an isomorphism. Then for any pE P, since

2@ up)=kf(P)=2f (P)us® vi, (PE)a)=age(1)=a and [ITK)(/)](p) =1 (Xx¢ ©1))(p)
*2961458#](1)) ExJﬂJ(p) Zf(p)%lvl f(p)
D, E II, and K satisfy properties (1), (2), and (3).

Example 4. Let B be a commutative ring, A be a separable B-algebra and 4P be a bimodule such that
bp=pb for any pEP and bEB. If Pais finitely generated and projective and a generator, then
aHoma(Pa, Aa) ® 3P4 is a separable module.

Proof. Since Pu is a generator, there exists S Homa(Pa, A4) and p.P (i=1,--, n) such that Zi‘.fi(pi)ZZ.
For the map ¢ : aHoma(Pa, Ax) ® sPs—> 444 (f ® p — f(p)), we define
€ alAa— AHOWLA(PA, AA) ® sPa (d —_— /)k/(d)) where P WA QpAs— AHOWLA(PA AA) ® sPa
(a1®a— Zazf ® p:az). Then we have ¢e(a)= ¢p(2au,® V)= ¢(Zau,f ® pivy;) = Zaujf(p )vj—a

Since Pa is finitely generated and projective, there ex1sts atEHOWlA(PA Aa) and ntP (t=1,-,1)
such that p—Xt‘.qtm(p) for any pEP.

Let 7z : (Homa(Pa, As) ® sP) ® s(Homa(Pa, Aa) ® sP) — Homa(Pa, As) @ zP
(fex®gey — f®xg(y))

and
k: HOWLA(PA, AA) QP — (HOWZA(PA, AA) ® BP) ®B(HOWLA(PA, AA) ® BP)

(4®q—>2u®qu@a:®q).
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Then we have zk=id and ¢z=7="(¢ ® ).
In [1], Sugano called A P-separable over B if ¢ : aHoma(Pa, Aa) ® pPs— 444 (f @ p — f(p)) splits.

Let A/B be a separable extension. According to [2] Chapter 11, we will note some properties for a
separable module 4Pa.

Let ¢, &, z, and & be maps that satisfy the properties (1), (2), and (3). For an A-A-bimodule 4Ma, let

Vu(B)={m<E M|bm=mb for all bE B},

8% : Vu(B) — Hom (sPs, sMs) (u — (p — $(p)u—up(p))),

8'p : Hom(sPs, sMs) — Hom (5P ® sPs, sM5) (@ — (p1® po——> ¢ (p1) @(p2)— Oz(p1 @ p2)+ O(p1) $(p2)),

6% : Vu(B) — Hom(sAs, sMs) (u —> (a —> au—ua)), and

§1A : HOWL(BAB, BMB) —_— HOWL(BA ®BAB, BMB) ( Qo — (dz Qar— ai @/(dz) - @,(d1d2)+ @,(dz)dz».

O’ Hom((3As, sM3z) is called a derivation if @ € kerd'a, so we call @< Hom (sPs, sMz) a derivation if
O ker 8'». We can see if @ Im¢°, then kerg Cker® and @ is a derivation. Furthermore, we have
(1) if @€ Hom(sPs, sMs) is a derivation and ker ¢ Cker @, then O E Hom(sAs, sMs) is a derivation and
O=0Qco,
(2) if @' Hom(sAs, sMsz) is a derivation then @'¢ < Hom(sPs, :Mz) is a derivation and ker ¢ Chker @',
(3) the map Hom (aker n'a, aMa) — { @< Hom (sPs, sMs)|® is a derivation such that ker ¢ Cker @}
n =0 —7(¢(p)@1-104(p)))
is an isomorphism and the inverse map is given by (x ® y — (@¢)(x)y) —— @.
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